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The theory of an electron gas at high density is generalized so as to include the exchange scattering of a 
particle and hole in the singlet as well as in the triplet spin state. This approximation is the maximum possible 
linearization of a quantum-mechanical many-body problem, and corresponds to the theory of small-ampli
tude oscillations of a classical many-body system. The linearized Hamiltonian is that of Wentzel's meson 
pair theory, in which now two kinds of mesons are involved, one with spin zero corresponding to the singlet 
state of a particle and hole and the other with spin one corresponding to the triplet state. The correlation 
energy is shown to be the sum of the change in zero-point energies of the two-meson fields with correction 
only in the second-order term. The theory is then formulated in terms of Green's function, and it is proved 
explicitly that the linearized theory (or the random-phase approximation with exchange effects taken into ac
count) is equivalent to the "ladder approximation" for the particle-hole scattering. The particle-particle 
scattering by means of the screened interaction is also discussed. The case of the 5-function potential is ex
plicitly solved, and it is shown that the correlation energy becomes complex in the region where the instability 
of the paramagnetic state occurs. 

1. INTRODUCTION 

AS is well known,1 most important properties of 
many-body systems are determined by means of 

the dielectric constant e(k,co) which in turn is obtained 
by the matrix element (^|pk|0), pk being the Fourier 
transform of the density of particles. Since pk has the 
spin zero, only those excited states with the same prop
erty give the nonvanishing matrix elements for the para
magnetic ground state. In the conventional random 
phase approximation (RPA)2 such excited states are 
scattering as well as bound states (plasmon) of a par
ticle and hole in the singlet state; and even when we 
take into account exchange correlations, it is in principle 
sufficient to consider only this state, paying no attention 
to the triplet state. 

However, when we are interested in the magnetic 
property of the system, the spin susceptibility x(k,a>) is 
determined by the matrix element (n | Sk 10), Sk being 
the Fourier transform of the spin density. Since Sk has 
the spin one, the triplet state of a particle and hole 
comes into play in the excited states. We shall further 
notice that the spin-independent two-body potential 
energy Hi can be written in the following two forms: 

= \ E ^(k)(cP+k+Cp)(cp'+Cp^k), (1.1a) 

= - i E Hp'-pXcpN-kWXcpW^) 
- \ E »(p /-p)(cP '+k tCp')(cp*Cp+k), ( L i b ) 
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1 P. Nozieres and D. Pines, Nuovo Cimento 1, 470 (1958). 
2 K. Sawada, Phys. Rev. 106, 372 (1957); K. Sawada, K. A. 

Brueckner, N. Fukuda, and R. Brout, ibid. 108, 507 (1957). 

disregarding some irrelevant terms. Here cv<T is the an
nihilation operator of a particle with momentum p and 
spin o", and 

< : ) 
(1.2) 

a being the Pauli spin matrices. In Eq. (1.1a), the im
portance of the triplet state is not apparent, while in 
in Eq. (1.1b) it appears explicitly together with that of 
the singlet state. The second term in Eq. (1.1b) leads 
to the exchange correction to the singlet state which 
was neglected in Ref. 2. 

In order to obtain the singlet and triplet excited 
states, we have to solve an infinite set of Heisenberg's 
equations of motion for [cp

t(/)cp+k(/ /)]j [cPf00ffCP+k(O]> 
and their associated higher-order products of cf and c. 
In RPA2,3 these equations are linearized only for the 
singlet operator [cp

t(0cp+k(/)] disregarding the ex
change correction and triplet states. The first correction 
to this approximation is to take into account the ex
change term in the singlet state which is equivalent to 
including ladder-type exchange scatterings of a particle 
and hole in the first-order polarization diagram. This 
correction was approximately estimated by Hubbard 
and by Nozieres and Pines,4 and was shown to decrease 
the screening effect considerably for large momentum 
transfer. 

Our linearized theory is to supplement each Gell-
Mann and Brueckner diagram5 by the whole set of ex-

3 D . Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
4 J. Hubbard, Proc. Roy. Soc. (London) A243, 336 (1957); 

P. Nozieres and D. Pines, Phys. Rev. I l l , 442 (1958). 
5 M . Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 369 

(1957). 
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changed diagrams, or stated otherwise, is to replace the 
direct potential by the direct minus exchange potential. 
All partially exchanged diagrams contribute only to the 
singlet state. If, however, we consider the totally ex
changed diagram of a given Gell-Mann and Brueckner 
diagram, it is divided into two parts, one in which the 
particle and hole is in the singlet state and the other in 
the triplet state. The former is to be taken care of by 
the exchange correction to the singlet state, while the 
latter is nothing but the triplet contribution. 

In order that the theory may be applicable even to a 
finite system, we shall consider the Hamiltonian in the 
Hartree-Fock representation given in the form: 

# = £ H F + Z ci'.cfdi+i X) VijM'-cJc/ciCk: , (1.3) 
i ijkl 

where E H F is the Hartree-Fock energy, €»• the single-
particle energy, and 

VijM~ I dxdx/<p^(x)(pj[(x/)v(xyx
/)<pk(x)(pi(x/), (1.4) 

<Pi(x) being the Hartree-Fock wavefunction. The spin 
variable is included in x and the integral sign means the 
integral over the coordinates as well as the sum over 
the spin variables. The symbol : • • •: stands for the 
normal product with respect to the Hartree-Fock state. 
Let us consider an operator of the form 

S=Y,Sik:c£ck: , (1.5) 
ik 

and determine the coefficients such that 

[S , t f ] = coS+e 2 , (1.6) 

where o> is a constant and Q2 a two-particle operator of 
the form :cVcc: . This leads to an eigenvalue equation6 

\€k €i)Sik~T~2~t\ * ai,kmSma~T~ *mi,ak^am) ==O^Sik , 

(1.7) 

Vijtkl=-Vij,kl—Vij,lk • 

Here and in the following, Greek indices (a,j8/y) stand 
for occupied states which may be specified by 1 through 
TV, N being the total number of particles, and (m,nyp) 
for unoccupied states. If Q2 in Eq. (1.6) can be neglected, 
a> gives the excited-state energy of the system. If, 
furthermore, the commutator of S and S1" can be ap
proximated by its expectation value, this approximation 
is called the linearized theory (or RPA including ex
change effects). We shall assume henceforth that the 
Hartree-Fock state chosen at the beginning is stable.7 

Then it is shown that the system is equivalent to an 

6 N. Fukuda, Nucl. Phys. 44, 553 (1963). 
7 K. Sawada and N. Fukuda, Progr. Theor. Phys. (Kyoto) 25, 653 

(1961); F. Iwamoto and K. Sawada, Phys. Rev. 126, 887 (1962); 
also see Ref. 6 and W. Kohn and S. J. Nettel, Phys. Rev. Letters 
5, 8 (1960). 

assembly of bosons with energy w. Equation (1.7) leads 
to coupled equations for sam and sma from which sa$ 
and smn are determined algebraically. Introducing a 
function \pik defined by 

tik=0(i,k)sik, 6(i,k)=l, for i^N, k>N, 

= - 1 , for i>N, k^N, 

= 0, otherwise, (1.8) 

we finally have 

(«+€»—ejfe)^tt=0(i,A)]£ VijM^ij' (1-9) 

If the interaction is spin-independent and the para
magnetic plane-wave representation is taken, Eq. (1.9) 
is separated into two parts, one for the singlet and the 
other for the triplet amplitude, as was explicitly shown 
in Ref. 6. In the ordinary RPA,2 we have vij)ki instead of 
Vij,ki in Eq. (1.9), as a result of which the triplet ampli
tude becomes that of a free particle and hole. 

Thus we see that the ordinary RPA is formally ex
tended to the linearized theory just by replacing v by 
V. However, the question arises whether this replace
ment is always permissible in calculating various physi
cal quantities, without overestimating the contribu
tions from certain diagrams under consideration. Such 
care should be taken since, for instance, the knowledge 
of the singlet amplitude is in principle sufficient to de
termine the dielectric constant and careless inclusion 
of the triplet contribution may easily lead to an over
estimate. We shall show in this paper that in the linear
ized theory both contributions are always independent; 
e.g., the correlation energy is the sum of the change in 
zero-point energies of the singlet and triplet states, the 
overestimate appearing only in the second-order term. 

In Sec. 2, Wentzel's model8 (meson pair theory) 
equivalent to the ordinary RPA is extended to the 
linearized theory. For an infinite system, the new model 
deals with two kinds of mesons, one with spin zero cor
responding to the singlet state of a particle and hole and 
the other with spin one (therefore with three com
ponents) corresponding to the triplet state. The two 
mesons are dynamically independent in the linearized 
theory. Then we calculate the change in the zero-point 
energies of the two fields, which is shown to be equal to 
the correlation energy obtained by replacing the Gell-
Mann and Brueckner diagrams by the corresponding 
Hugenholtz diagrams.9 

In Sec. 3, the method of Green's function for the 
particle and hole scattering is presented in the linearized 
theory. This formalism may be easier to handle for 
numerical computations. In Sec. 4, the single-particle 
and two-particle Green's functions are discussed in the 
same approximation, from which the single-particle 
distribution function and the generalized Bethe-

8 G. Wentzel, Phys. Rev. 108, 1593 (1957). 
9 N. M. Hugenholtz, Physica 23, 481 (1957). 



A934 FUKUDA, IWAMOTO, AND SAWADA 

•1:_.V ^ % ^ 
(a) (b) 

FIG. 1. (a) Gell-Mann and Brueckner diagram of third order 
(RPA). (b) Hugenholtz diagram corresponding to Fig. 1(a) (lin
earized theory). 

Salpeter equation are derived. Sec. 5 is devoted to the 
application of the theory to the paramagnetic state of 
an infinite, uniform system. The case of the 5-f unction 
potential is worked out, and it is shown that the cor
relation energy becomes complex in the region where the 
paramagnetic state is unstable. In the concluding re
marks (Sec. 6), the limitation of the application is dis
cussed in connection with the instability of the Hartree-
Fock state. 

In Appendix A, the instability of an electron gas with 
respect to spin-density fluctuations is demonstrated 
without introducing the repopulation of momentum 
space. This proof leads to the conclusion that the linear
ized theory makes no sense in the paramagnetic state of 
an electron gas. In Appendix B, the correlation energy 
is explicitly obtained up to third order, and in Appendix 
C, some properties of spin operators are summarized. 

2. MESON PAIR THEORY EQUIVALENT TO 
THE LINEARIZED THEORY 

We shall first write down the model Hamiltonian HM 
which has the same excitation spectrum as in the linear
ized theory as follows: 

•£* M ~2 2-J \^m €<x)\-A- am -A am \ ^ am-™-am ) 
a<N 

m SN 

+iT,Vi,-tki(Aik+Ak*)(Ajl+Al;), (2.1) 
ijkl 

where the second summation is restricted so as to in
clude only Aam and A aJ terms. The operator Aam 

is the annihilation operator of a meson in the state 
(a,m) and satisfies the commutation relations 

[_Aam,Apn2 = Q > [Aam,Apn1~]= 8ap8mn. (2.2) 

Since Eq. (2.1) is Hermitian, it is to be diagonalized by 
means of the normal mode operator S of the form 

S=J2(xf/amAam—\f/maAam
f), (2.3) 

am 

which is to satisfy 
[ S , # M ] = COS. (2.4) 

Then \j/ik satisfies Eq. (1.9) which shows that the model 
Hamiltonian HM has the same spectrum as in the linear
ized theory. Usually, the state (a,m) has four different 

spin states with the same orbital functions, which can 
be rearranged such that one is in the singlet and the 
other in the triplet state. 

If the Hartree-Fock state is stable, the model Hamil
tonian is positive definite6 and makes it possible to ob
tain a complete set of normal modes S(r) (r = 1, 2,- • •) 
which are assumed, without loss of generality, to satisfy 
the commutation relations: 

[5(r)>5(r')]=o, [5W,5^ t ]=« r r , , (2.5) 

Then all eigenvalues cor are positive and we finally have 

HM= J E « r + E tOrS^SM . (2.6) 
r r 

The expansion theorem in the indefinite metric space, 
which was taken for granted in Ref. 6 [Eq. (4.26)], is 
thus completely equivalent to that in the Hilbert space 
associated with the positive definite Hermitian form. 

A peculiar situation arises, however, when the in
stability of the Hartree-Fock state comes into play. If 
it only brings about the extra presence of zero frequency, 
it causes no mathematical difficulty; we are only con
cerned with the degenerate Hermitian form. As was dis
cussed in Ref. 6, we usually have in this case either a 
complex value of o>, although HM is Hermitian, or a neg
ative value of co in Eq. (2.6). This is because there 
exists no ground state of our model Hamiltonian.10 

Our linearized theory is thus meaningful if and only if 
the Hartree-Fock state is stable. 

Now, it was already proved in Ref. 2 that if we re
place V by v in Eq. (2.1), the sum of zero-point energies 
(i 22 °>r) are essentially equal to the ground-state 
energy obtained by summing up Gell-Mann and Brueck
ner diagrams. As an illustration, let us consider the 
diagram of third order as shown in Fig. 1(a). The energy 
is given by 

1 
£ G B S ( 3 ) : = Z ] L Vya,pm 

€<x\ €y £ m €p 

1 
X.Vpp,yn Vmn,a$- ( 2 . 7 ) 

6a+€/3— em— €n 

The corresponding Hugenholtz diagram is shown in 
Fig. 1(b) and we have the energy 

1 

•tf-'H ~ 2-J V yct,pm£a~T'€y €m €p 

1 
XVppt7n Vmniafi. (2.8) 

10 Such a model was studied by E. C. G. Sudarshan and H. J. 
Schnitzer, Phys. Rev. 123, 2183, 2193 (1961). The simplest 
harmonic oscillator with H = ea'\a+g(aJ\a^-{-aa), | g [>e>0 , is 
suggestive of this difficulty. This Hamiltonian can be diagonalized 
by a unitary transformation only for | g \ ^ e. The a> obtained by 
Eq. (2.4) becomes imaginary for | g \ > e. 



L I N E A R I Z E D M A N Y - B O D Y P R O B L E M A93S 

Since the linearized theory is equivalent to replacing v 
by V in the conventional RPA, this is to be equal to the 
zero-point energy of third order. Explicit demonstra
tion is given in Appendix B. In general, the correlation 
energy in the linearized theory is given by the sum of 
Hugenholtz diagrams as shown in Fig. 2, i.e., in the 
ladder approximation for the particle and hole scatter
ing. The time ordering of vertices between the end 
points may be arbitrary, but no interaction is allowed 
between the two ladder diagrams. In actual calculation, 
however, the summation of corresponding Feynman 
diagrams is easier to handle as is done in the next sec
tion, since the time ordering of vertices is automatically 
performed. 

In second order we have 

£ G B S ( 2 ) = ! E »«j8,i 
1 

€a~\~€p~€m 

-Vmn,vP, (2.9) 

while the corresponding Hugenholtz diagram (exact in 
second order) gives 

£ ( 2 ) = i E F ^ B 

l 

€«+€/3 €m €n 

-Vmn,a0. (2.10) 

Therefore the replacement of v by V in Eq. (2.9) leads 
to the overestimate (factor 2) of the correct correlation 
energy. This comes from the situation that the two 
diagrams obtained by replacing one of the vertices in 
Fig. 3(a) by exchange interaction become identical as 
given in Fig. 3(b) and the diagram obtained by replac
ing both vertices by exchange interaction is identical to 
Fig. 3(a). It is easy to see that this overcounting is re
stricted to the second order and never occurs in higher 
orders. Therefore, in order to obtain, in the linearized 
theory, the correlation energy ELC which is of higher 
order than the second, we have to subtract the zeroth-
and first-order terms from the zero-point energy and to 
correct the overestimate in second order. The zeroth-
and first-order zero-point energies are given in Appendix 
B, and we finally have 

EL
C ]Lur—\ZXem— tc)—\Y^ Va -E<2K (2.11) 

It is to be noted that Eq. (2.5) and the completeness 

FIG. 2. Hugenholtz 
diagrams to be summed 
up in the linearized 
theory. 

(a) (b) 

FIG. 3. (a) Gell-Mann and Brueckner diagram of second order. 
(b) Exchange diagram of second order. 

condition for 5 ( r ) are written as 

ik 

ik 

(2.12) 

I W ' W r ) * - f c i < r t * H < r ) * } = bahfi(i,k), (2.13) 

where the star stands for the complex conjugate. By 
multiplying Eq. (1.9) with ^«(r)*0(i,£) and summing 
over (ik), we have 

r amr 

+ l E f e w * F # 1 » ^ w , (2.14) 
ikr 
31 

which is to be identical to the expectation value of HM 

with respect to the ground state. In order to see this, 
we make use of the expansion theorem 

^«»=E(^«mCr)*5^+^m«W5Wt), (2.15) 
r 

which is inserted in Eq. (2.1) and leads to Eq. (2.6). 
Then we find that the first term on the right-hand side 
of Eq. (2.14) is the kinetic energy and the second the 
potential energy of the model Hamiltonian. 

3. THE PARTICLE AND HOLE GREEN'S FUNCTION 

In order to formulate the linearized theory intro
duced in Sec. 2 in the framework of field theory, let us 
introduce the Green's function, G(ik,jl;t—tf), for the 
particle and hole scattering according to 

G(ik3\ *-*')= ~i(Tia(t)ck(t)Cl\t
f)cAm, (3.1) 

where the bracket means the expectation value with 
respect to the true ground state of the Hamiltonian 
[Eq. (1.3)], T is the conventional chronological opera
tor, and d(t) the Heisenberg operator defined by 

ci(t) = exp(iHt)d exp(-iHt), (3.2) 

the unit h~\ being chosen throughout this paper. We 
shall introduce, for the sake of convenience, the matrix 
propagator G(t~tr) defined by 

(ik | G(t-t') | jl)=G(ik,jl\ t-t'), (3.3) 
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I k i 

t 1 . J 1 t - X. t» J L t« _C Zl_ t 

G • G0 + G0VG 

F I G . 4. Ladder approximation for the particle 
and hole scattering (Feynman diagrams). 

The free propagator G0(/—//) is easily calculated to give 

G0(ik,jl; t—t')=—idki8ijON(i,k) 

Xer-***-*)**-''), for t>t\ 

= —idkidijBN(k,i) 
Xer««r-«)(«-«') ? for t<t> ^ (3.4) 

where 

0tf(*,*) = l , for i^N,k>N 
= 0, otherwise. (3.5) 

We shall now consider the ladder type scattering of a 
particle and hole as shown in Fig. 4. Then it is easily 
shown that the Green's function satisfies the integral 
equation of the form 

/.CO 

G(t~t') = G0(t-t')+ dt"G0(t-t")VG(t"-f), (3-6) 

where V is the interaction matrix defined by 

(ik\V\jl)=Vkj,u. (3.7) 

By introducing the Fourier transform of G(t) according 
to 

(3.8) 

G(t) =1/(2T) daGi^e-™', 

H: G(u)= dtG(t)eM, 

J —oo 

Eq. (3.6) is transformed into 

G(«) = G0(a>)+G0(u)7G(«). (3.9) 

Here G0(co)is the diagonal matrix given by 

Go(ik,jl;a)) = 8ijdk 
6(i,k) 

co+ €i~ €k+i<*0(i,k) 
, (3.10) 

8 being an infinitesimal positive number, with d(i,k) 
denned in Eq. (1.8). 

The spectrum of a particle and hole, in the bound 
states as well as in the scattering or resonant states, is 
to be determined as the solution of the equation, 

det{l-G0(c»)V} = 0} (3.11) 

since we are always allowed to contain the system in a 

finite box.11 The operator [1—Go(o>) V2 is the generaliza
tion of the dielectric constant in RPA. Equation (3.11) 
can be written explicitly as 

det{5ij8kl-[e(i,k)/(&+ e — €ife) Vkj,u~]} = 0 , (3.12) 

which is identical to the secular equation of the complex 
conjugate of Eq. (1.9). Thus it is seen that the ladder 
approximation for a particle and hold scattering is 
equivalent to the linearized theory. I t is to be noticed 
that Eq. (3.9) can be solved as 

G(co) = Go(«)+Go(«)f (o))G0(co), 

f ( c o ) = F [ l / ( l - G o ( a ) ) 7 ) ] , (3.13) 

which shows that G(co) is nothing but the value in the 
Born approximation in which V is replaced by the effec
tive interaction F(co). The factor [1— G0(a>)F]-1 is 
usually called the screening factor. 

We can further show that the Bethe-Salpeter ampli
tude defined by 

^rKt) = {r\ck\t)ci{t)\Q), (3.14) 

where | r) is an arbitrary excited state, is, in the present 
approximation,12 nothing but ^^ ( r ) defined by Eq. 
(1.8), except for the time factor exp(icor/)- I*1 fact, we 
have 

(3.15) 

G(ik,jl;t-t') 

= -iT.+*w*(ti+iiir)(f), for t>f 
T 

= -iZhi(r)*(Ot>ciM(t), for t<f, 

r 

and by noticing that 

[iid/dfi + ei-e^GoiikJl; t-t') 
= -id(i,k)8(t-t'), (3.16) 

the Gell-Mann and Low's method 13 leads easily to 

[i(d/dt)+ei- e *>«(*) = 0(i,k) Vy.ktf'iiit). (3.17) 

For completeness, let us finally calculate the correla
tion energy in the present formalism. First of all, there 
holds an identity 

Z(i/Z)Vii,kJG(ik,jlit=+0) 
ijhl 

=fEfc ( ' )*f /«, i*/' ) , (3.18) 
ijkl 

which is equal to the second term of Eq. (2.14), the po
tential energy of HM- In order to prove Eq. (3.18), we 

11 For an infinite system, a cut is present along the real axis of 
the complex co plane, and we have to go over into the second 
Riemann sheet to get resonance energies. 

12 The normalization condition, Eq. (2,12), is to follow auto
matically as is seen in Appendix B. 

13 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 
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notice that 

G(ik,jl; w) = E — : [ , (3.19) 
r [ oo — <jor-\-ib co+co r — id 

which follows from Eq. (3.15). By virtue of Eq. (3.8), we 
have 

G ( * = + 0 ) = lim •— dwG(a))e-iat 

= -tERes<->{G(<o)}, (3.20) 
r 

where the contour C is the real axis and a large semi
circle in the lower half plane of complex a>, Res ( _ ) being 
the residue of G(ca) inside the contour. Equation (3.20) 
leads to Eq. (3.18). Now, according to the well-known 
procedure,2 we have 

FIG. 5. Proper self-energy part 
in the linearized theory. 'n 

estimate (factor 2) of the second-order term. Since the 
integrand of Eq. (3.23) vanishes as 1/co2 as o> becomes 
infinite, we may connect a semicircle either in the upper 
or in the lower half plane. The evaluation of Eq. (3.23) 
is now straightforward to give directly 

E £ ( n ) = i a > r - E ( e * - e « ) } 

ldgr i 
- \ T,-gVii.kfi(ik,jl;t=+0) 

o g Lijki 2 
, (3.21) 

where we have replaced the potential V by gV. From 
the form of Eq. (1.3), we may have anticipated the fac
tor I instead of \ in Eq. (3.21), but this is not the case. 

We shall finally derive an alternative expression for 
Eq. (3.21) which is a simple generalization of Gell-
Mann and Brueckner formula.5 The ground-state energy 
is in general written as14 

14 N. Fukuda and Y. Wada, Progr. Theor. Phys. Suppl. 15, 61 
(1960). 

i ^ i i m ^ / r x ^ - i ) , 
T ->oo 

(3.22) 

where S is the -5 matrix and the bracket means linked 
vacuum diagrams. The constant T is the world time 
during which the total energy is conserved. The con
tribution of all diagrams shown in Fig. 2 is easily cal
culated to give 

E £<">= E I doo Tr{[Go(co)F]»} 
n=2 n=2 \nU . 

i r 

16TT i_c 

JcoTr{[G0(a>)r]2} 

Jco{lndet[l-G0(co)F] 

+TrCGo(co)F]+iTr[G0(co)F]2}, (3.23) 

where the well-known identity 

Tr ln(l-G0(co)F) = ki det(l-G0(a>)F) (3.24) 

is used. The last term in Eq. (3.23) is to cancel the over-

- £ £ F « * , « « - £ ( 2 ) = £ L ' . (3.25) 
am 

I t is to be noted that the integral path in Eq. (3.23) 
usually can be deformed into the imaginary axis without 
crossing any singularity. 

4. THE SINGLE-PARTICLE AND PARTICLE-PARTICLE 
GREEN'S FUNCTION 

The single-particle Green's function is defined by 

SF(ik;t-n=-i(Tlci(t)c};(n^J (4.1; 

which satisfies, as is well known, the integral equation of 
the type 

SF(ik;t-t') = SF«»(ik;t-t') 

dtr'dt'"SpM(ii';l-t") 
-00 

X2( iW; t?'-t"')SF(k'', t'"-tf). (4.2) 

Here 2 is called the proper self-energy part, and SF
(0) 

is the free Green's function satisfying 

[i(d/dt)-^SF^\ik)t-t')^bikh(t-t'). (4.3) 

By introducing the Fourier transforms of SF(t) and 
2(2) according to Eq. (3.8), Eq. (4.2) can be written as 

SF(u)^SF^\a)) + SF^(u)2(a:)SF(oj) , (4.4) 

where SF and 2 are considered matrices. The single-
particle energy is to be determined as the root of the 
equation 

det{l-5,^°>(co)2(co)} = 0. (4.5) 

Let us now obtain 2 in the linearized theory, the cor-
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I j The contour integral of Eq, (4.9) is easily calculated to 
give 

FIG. 6. Two-body propagator in the fi=H\^(r)\2, for i = m (unoccupied s ta te) , 
ladder approximation. r^ 

= 1~~ S I ^na(r) | 2 , for i=a (occupied state) , 
rn 

Hfi=N, (4.11) 
i 

responding diagram being given in Fig. 5. We then have w h e r e u s e h a s b e e n m a d e o f E q > ( 2 13)> 

S ( ^ ' ; t-t') = i'£ (jif | VG(t-tf)V\lk')SF^{jl) t-tf), . T h e kinetic energy increase by means of this distribu-
ji tion function is given by 

Z(i'*';a>) = — [ T,dc*'(Ji'\VG(a') (4.6) m M / ™ ™ " ^ * " 

X F | / ^ ) ^ ^ ( i / ; c o O , = r E ( « « - O I ^ » « ( r ) | 2 , (4.12) 
where 

$ which is equal, by virtue of Eq. (2.13), to the first term 
SF

w(ik;a)) = , o f E ( l - (2-14) niinus | Z a m ( e m - € a ) , the zeroth-order 
OJ— ei+ie(i)5 zero-point energy. Therefore we may conclude that 

/.N . r . . A7 ^ ' ^ Eq. (4.11) gives the distribution function in the linear-
« ( t ) = l , for *>2V, i2ed theory 

= — 1, for t ^ i V . We finally turn to the particle-particle Green's func
tion which is defined by 

By introducing Eq. (3.19) into Eq. (4.6) and making use n / - - , 7 / ,,x / 7 , r M ,,x t , , ,v + ^ - , x ,A A ^ 
of Eq. (1.9), we can explicitly calculate the integral ^ ( ^ i « ^ - O = - < r [ ^ 0 c X 0 ^ ( O ^ ( O ] > . (4.13) 
over a/. The result is Let us confine ourselves to the ladder approximation as 

( \ __ \r \ __ \ shown in Fig. 6, where, however, the interaction is re-
2(i'k'' co) = E m~ 6 * / ^ a ? r + 6 w €kf)^mv (r^mK, (r) placed by the screened one defined by Eq. (3.13). By 

J °° rm co—cor— e m + i 5 m% m introducing the matrices D and V according to 

( W r - e „ + e , ) ( « r - e « + e * 0 Xii |Z?|«>=-DW,*0, (4.14) 
+ E ; ^ _ f t „ , ( r ) V i , a W . ( 4 . 8 ) ^ p , I W > = ( i w | 7 | i / ) s ^ 

r« co-j-cor— ea—io 

, the integral equation to be satisfied by Z)(co) is easily 
The distribution function /,- is given by obtained as 

fi=-iSF(n,t=-0) = --fd«SF(u;o>), (4.9) W-^f i /WJ^W, (4-15) 
c where Z>o(co) is the free Green's function given by 

where the contour is the entire real axis and a large semi- D /. . * 7 \ _ Ys a a a ^ 
circle m the upper half-plane. The free distribution func
tion fiw is that of the Fermi distribution. Since the ex- e(i,j) 
plicit calculation of Eq. (4.9) cannot be performed, we X ; — — , (4.16) 
shall be content with the approximation in which SF

 c o~ c o**"~Uj+i8e(i , j ) 
in the last term of Eq. (4.4) is replaced by SF

W. Then €(ij) = i9 for i, j>N, 
we have 

= - 1 , for i,j^N, 

SF(ii; co) = 1 ~~ = 0, otherwise. 
co—ei+i8e(i) (co— ei+ide(i))2 

\2 ^ e m a y alternatively consider the Bethe-Salpeter 
\y f v r+tm—ei) equation for the amplitude defined by 

I rm CO-CO,- em + id ^ } = (Q j ^ ^ j ^ = ^ ^ ^ ^ ^ 

_ j _ ^ ! |^a<*"> | 2 1 . (4.10) ^« being the excitation energy of the two-particle state 
ra co+cor— €«—id J | s). By means of Eq. (4.15), it is a routine job to derive 
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the Bethe-Salpeter equation15 

•(iWdt) — u—€j)<pij(t) 

= £ £ [dt'e(i,j)?ii.ki(t-n<Pki(n, (4.18) 
hi J 

whose Fourier transform becomes 

(ca—€i—ej)<Pij(o))==i £ e(ij)¥ij>ki(w)<PkM. (4.19) 
kl 

Because of the factor e(i,j)> w e m a y P u t 

w ( w ) = 0 , for *<2V, & > N , or i> i \ r , &<iV (4.20) 

and Eq. (4.19) can be separated as 

(to — em ~~ € n ) <fmn ~ 2 £ ^ m » , a/3 <£a/3 
a/3 

I "2 iL^ ^ mn,m'nf ^Pm'n' > 
ra'n' 

(CO— €a-"^)<Pap— — \ £ Va$,CL'$'<Pa'$' 
a.' $' 

mn 

(4.21) 

The scattering correction to the correlation energy ELC 

and the pair correlation function are obtained in terms 
of the Bethe-Salpeter amplitude in the usual way15 with 
V replaced by V. 

5. APPLICATION TO AN INFINITE SYSTEM 

Let us apply the present theory to an infinite system 
interacting through spin-independent potentials, under 
the assumption that the Fermi distribution (paramag
netic state) in momentum space is stable. The matrix 
element of the potential [Eq. (1.4)] becomes 

^Pl^lP2^2»P3<r3P4^4=::: "P1+P2—P3—P4^\Pl P 3 / "°"lff3"^20"4 5 W ' - U 

where the conservation of momentum is apparent in the 
first Kronecker's 5-symbol and 

where 

v(q) = — / d*xv(x)e~i(i'x, 
Q J 

(5.2) 

0 being the normalization volume. If the exchange term 
is subtracted from Eq. (5.1) as in Eq. (1.7), we have 

V* = 5„ pl<r1p2<r2,p3^3P4^4 °Pl+P2—P8—P4 

X M p l — P s ) ^ ^ ^ - - V ( p l — P ^ S f f ^ e r a a , } . ( 5 . 3 ) 

By considering V as a matrix with respect to spin in
dices and by making use of the identity in Appendix C, 

3 

8«ri«rASa,=4 £ (<Tl*2 \ CTX(1W2) | O ^ ) , (5.4) 

with (7-0=1, and (o^o^ca) = or, w e n a v e 

^PlP2.P3P4 = = "P1+P2—P3—P4 

X{FplP2,P3P/+(a< l 'a<2>)FPlP2lP3P4<}, (5.5) 

•4,t==-&(j>i-pi), 
(5.6) 

which are called the singlet and triplet potentials, re
spectively. The potential energy is then written as 

£tl=J 2^ ^ P l + P 2 - P 3 - P 4 l * /PlP2.P3p4S : \ C P l C P 3 / ( C P 2 C P 4 / : 

I r P1P2.P3P4 

••(Cp>cP3)(cP2
tacP4):}. (5.7) 

Similarly, the particle-hole Green's function is split, 
because the Hamiltonian commutes with the total 
spin, as 

(pl0-lp2 .0-2 | G(t—t') | P3C3p40-4) 

3 

= i £ (o-20"31 o-x
(1)crx(2) 10-10-4) 

X < P l P 2 | G x ( i - 0 | P 8 P 4 > , (5.8) 

where 

(P1P21 Gx I p3p4)= ~-i(TZcPl
i(t)axcP2(t

/)c^(rxCP3(t
,)'y). 

(5.9) 

The proof is given in Appendix C. Since Gx is to be the 
same for X= 1, 2, 3, we shall define the singlet and triplet 
Green's functions as 

G S EEG 0 , G ' S G I = G 2 = G 8 (5.10) 

In this way we have succeeded in expressing the matrix 
G and the matrix V defined by Eq. (3.7) in terms of the 
direct products of spin and momentum matrices as 
follows: 

G ( / - 0 = iG s+i(cr ( 1 )-cr^)G^ 

F=FM-(<r (1 )-<r (2 ))FS 
(5.11) 

15 F. Iwamoto, Progr. Theoret. Phys. (Kyoto) 23, 871 (1960). 

where the rows and columns of spin matrices are re
shuffled according to Eq. (5.8). I t is now an easy task to 
separate Eq. (3.6) into the two integral equations for 
the singlet and triplet Green's functions as 

G*-%(t-t!) = G™(j,-t') 

dt"G®\t-t")V*-tG^(t"--t'), (5.12) 

where G(0) = Gx(0) is independent of X. 
We shall now introduce the conservation of momen

tum explicitly in order to further reduce the momentum 
matrices. If we put 

P i = P , p 2 = P + q , P3 = p ' , (5.13) 

the nonvanishing element of G and V necessitates 

P 4 = p ' + q , (5.14) 

which allows us, as shown below, to consider the 
matrices G M and Vs** as having (p,p') elements with q 
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as a parameter: 

< P , P + q | ^ i | p , , p , + q ) ^ ( p | ^ 1 p / ) , 

We may rearrange the second-order correction such that 
it appears only in the singlet contribution. If we neglect 
the triplet contribution and the exchange term in V% 

(p, P + q | V8,tW, p ' + q ) = ( p | Vqs,t\vf)> (5-15) the result is identical to the Gell-Mann and Brueckner 

<pl*Ylp'>==*fo)-Mp-p'), 
( p | ^ | p ' } ^ - H p - p O . 

Then Eq. (5.12) is rewritten as 

G^Kt-t') = G^\t-t') 

+ dt'GJ°Kt-nvq
,-tGl'>

l(f'-tr), (5-16) - / 
j —< 

formula.5 

Finally, we shall apply Eq. (5.23) to the case of the 
5-function potential 

v(x) = gd(x), v(q) = g/Q, g>0. (5.24) 

Then we have 

( P I J V I P ' H ^ Q , ( P I J V I P ' H - ^ B , (5.25) 

where Gq
(0) is a diagonal matrix whose Fourier transform from which follows 

is given by 

(p|G4(«(co)|p')=5pp'Gq
<0)(p;W), 

20q(p) 
Gq«»(p;co) = 

w—w,(p)+^,(p)5 

0,(p) = l , for | p K # / < | p + q | , 

= - 1 , for | p | > A f ^ | p + q [ 

= 0 , otherwise, 

with 

w,(p)= «(p+q)-«(/>)= (p-q/m)+(q2/2m) 

+ E M p - p O - ^ ( p + q - p ' ) } 

d e t [ l - G , < « ( « ) 7 , * ] = l + (g/2n)2: Gq(">(p; « ) , 
P 

d e t [ l + G q < « ( a . ) j y ] = l - ( g / 2 f i ) i : G,«>(p;«). (5.26) 
P 

The integration path in Eq. (5.22) can be smoothly 
changed into the imaginary axis in the complex co 

(5.17) plane. Then, by introducing the new variable u instead 
of co according to 

(5.18) 

o) — i(qpf/m)uy 

we finally have, after replacing q by qpf, 

(5.27) 

I P ' K P / 3^ .2 /.oo -oo 

e(p) being the single-particle Hartree-Fock energy. I t is E8=s ^ ~ J ^ J ^ 
easily shown that Eq. (v3.ll) determining the spectrum 
of a particle and hole is separated into 

det[l-G f l<°>(«)7 f l ' ] = 0, 
det[l-G f f

( 0>(w)F, ' ] = (). 

We are now in a position to write down the correla
tion energy, Eq. (3.23), as the sum of the singlet and 
triplet contributions. We notice that 

(po-ip+qcra I [G(0)(«) V]n [ pVsp'+qoM) 
= i^,W4<p|CGq ( 0 )(cu)Fq-]»|p /> 

+ K ^ 3 | a ( 1 ) . c r ^ i c 7 1 c r 4 X p ( [ G q ^ ( a ; ) F q ^ | p ' ) , 
(5.20) 

which is proved in Appendix C, from which follows 

Tr{[G^(co)F]-} = Z T r { [ G q ^ ( c ) F q
5 ] - } 

q 

+ 3 E T r { [ G « M F , ' ] ' } . (5.21) 

(5.i9) £ '= ;v-
3 ^ 

Sirm 

X{\n(l+yR)-yR+ly^R^ 

/»oo /.oo 

/ dqqz I du 
Jo Jo 

X{Ml-yR)+yR+iy*R*} . 

where 

and 

'R(u,q) = q dt 

y = gmpf/2w2, 

•a+b tpZ 

dp— , 

(5.28) 

(5.28) 

(5.29) 

1- ( l - / 2 ) 
. 4 

, *=(£)#, 
(5.30) 

Therefore, by writing 

EL
e=E'+3FJ 

we have finally 

i 

c = 0, for c ^ 2 ; = ^ 1 ( ^ - 4 ) 1 / 2 ^ f o r ^ > 2 ? 

(5.22) which is positive and monotonically decreasing as a 
function of either u or q; R(0,0) = 1. The correlation 
energy is well behaved for y < 1, but at y = 1, where the 
instability occurs with respect to spin density fluctua-
sion,7 the triplet correlation energy shows a singularity 
like (1 —7)3ln(l—7) and its analytic continuation 

+Tr[Gq
( 0 )(w)Fq*'<]+i Tr[Gq<0)(o>)Fq^]2}. (5.23) makes no sense at all. 

£•• '= Z M l n d e t [ l - G q < ° V ) F q
M ] 

4X q J^ 

v3.ll
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6. CONCLUDING REMARKS APPENDIX A 

The theory of the linearized many-body problem is 
presented here, with emphasis laid on the formal struc
ture of the dynamical system. First of all, Wentzel's 
meson pair model is derived which is mathematically 
equivalent to this approximation. As compared to Ref. 
8, two kinds of mesons are now involved, one with spin 
zero corresponding to the singlet state of a particle and 
hole and the other with spin one corresponding to the 
triplet state. Then the stability condition of the Hartree-
Fock state with respect to an infinitesimal deformation 
of single-particle wavefunctions is equivalent to the 
positive definite character of the Hermitian model 
Hamiltonian, and the expansion theorem in the in
definite space6 is transferred to that in the ordinary 
Hilbert space. 

The linearized theory will be more or less workable 
provided that the potential is soft, repulsive, and 
probably of long range. However, the stability of the 
Hartree-Fock state is above all indispensable for this 
approximation to be valid, since otherwise the model 
Hamiltonian allows no ground state at all. We have ex
plicitly shown in the case of the repulsive 5-function 
potential that the correlation energy is a regular func
tion of y = mgpf/2ir2 for Y < 1 , has a logarithmic singu
larity at 7 = 1, and becomes complex for y > 1, where the 
paramagnetic state is known to be unstable.7 Such dif
ficulty is always encountered whenever there occurs an 
instability of the starting Hartree-Fock state, and we 
are forced to start with the stable Hartree-Fock state 
in order that the linearized theory may have any mean
ing at all. 

Now, the paramagnetic state of an electron gas is 
stable at high density with respect to density fluctua
tions but is always unstable with respect to spin density 
fluctuations as lately shown by Overhauser.16 If it can 
be shown, and it actually is in Appendix A, that this is 
also unstable in the sense of Ref. 7, then the correlation 
energy arising from the triplet state is to be complex 
even at high density. In the conventional RPA, only 
the singlet state which is associated with density fluctua
tions comes into play and therefore the Wentzel's 
model Hamiltonian is positive definite. This is one of the 
reasons why the calculation in Ref. 2 is workable at high 
density. However, in the linearized theory which is 
supposed to be an improvement since the exchange cor
rections are taken into account consistently, the model 
Hamiltonian is no longer positive definite for the triplet 
meson field and allows no ground state. In our opinion, 
therefore, there might still be slight doubt about Gell-
Mann and Brueckner's claim2'5 that the triplet contribu
tion, though complex, shall be discarded since it vanishes 
at high density. 

Instability of an Electron Gas with Respect 
to Spin Density Fluctuation 

We shall show that the paramagnetic state of an elec
tron gas is always unstable with respect to an infinitesi
mal spin density fluctuation, even if we disregard the 
repopulation in momentum space for the occupied 
states. This is an alternative proof of the theorem due to 
Overhauser.16 

The critical value of rs, above which an electron gas 
becomes unstable, satisfies an inequality7 

~(rsUt^N/(D1~D2)J 

(2TT) J J 

(2TT)* J J 

(Al) 

X 
|k-k' 

£ > 2 = f fd^kdzkf\^(k)\2 

(2ir)2J J 

|k+k'| 
*(k'), 

X 
[k-k ' | [k+k'l 

where the integration is to be carried out for jk—§q| 
^ 1 ^ | k + ^ q | ; all momenta are measured with pf as 
the unit. The momentum q is arbitrary but is now 
chosen 2(2pf) in the direction of z axis. We shall choose 
the variational function as 

lKk) = l / 4 , , for k i n ^ ; 

= 0 , otherwise, 
(A2) 

where A is the shaded domain in Fig. 7. 
We now proceed to the evaluation of integrals of 

Eq. (Al) by assuming that R and I are both infinitesimal 
and are related by 

l=\R, 0 < X < 1 , (A3) 

where X is a constant to be chosen properly later on. By 
introducing a variable p=(*» 2 +V) 1 / 2 > we have 

222/2 dk, r{2kz)h l r rR2/2 dk2 r 
N=~\ / — / dpp 

rm dkz rR -i r2* , 
+ / — / dpp IJ dip 

J R2/2 kz J o -1 J 0 
5 A. W. Overhauser, Phys. Rev. 128, 1437 (1962). = £ 2 { l n ( l / £ ) + 0 ( l ) } . (A4) 
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l ^ k j + k j 

2 2 

We shall now choose the constant X such that 

M - H [ l + ( X 2 / 4 ) ] l n [ l + ( 4 / X 2 ) ] - l } 

- f > 0 , 0 < X < 1 , (A9) 

which is easily satisfied. Then we have 

~Wcri t< ( l + o ( : ) I , (A10) 

\ / 2 k 2 - k | ? \ / 2 k ^ 

FIG. 7. The integral domain in kz and p — (kx
2-{-ky2)lf2 space. 

The shaded domain is A 

from which it is concluded that 

OS)crit=0, (All) 

in agreement with the result of Overhauser. Since Eq. 
(Al) holds for any infinitesimal spin density fluctua
tion, the present proof shows that an electron gas is un-

In evaluating Dly we notice that the integrand is positive s t a b l e n o t o m y w i t h r e s p e c t t Q a h e H c a l s p i n d e f o r m a t i o n 

definite and Di is greater than the value integrated b u t t 0 a deformation generated by a term including az, 
over the domain A2. Then we have a s w a s a i s o n o t e ( i b y Overhauser. 

1 rl/2 dkz rR rm dkz
f rR r2* 

P i > — — 2 T T / — dPP / dp'p' / dip 
(2TT) 2 

X t 
R'/2 Kz J 0 

1 

:2/2 k/ i T / 2 Kz J 0 

?+p'2-2pp'cos<p+(kz-k/y + (*.->-*.) 

^ 2 { [ l + ( X 2 / 4 ) ] l n [ l + ( 4 / X 2 ) ] - l } 
( ' - - ) • 

[ln(X/£)]2 = [ l n ( l / i ? ) ] 2 + 0 [ l n ( l / £ ) ] . (A5) 

APPENDIX B 

Perturbation Theory in the Meson Pair Theory 

We shall solve the eigenvalue problem [Eq. (1.9)] 
in perturbation theory, up to third order for co, and show 
that 

1 

Vmn,ap (Bl) 

pm 

V V o 
-A V pP,yn 

~ €m " € p 

1 

€a~f"€/3 € m €n 

The evaluation of Z>2 can be performed by making use actually holds. Let us expand \pik and a? in powers of 
of the familiar self-energy integral of an electron V as 

^«»=^««(0)+^««(1)+---, 
1 *««=*»« ( 0 ) +*»« ( 1 ) + • • • , (B2) 

/ , 
^ 

A + * | k - k ' | 2 

r l — | k — e | 2 | | k - e | + l | • 
= 2TT In h i 

L 2|k—el | k - e | - l | 

which are inserted in Eq. (1.9). Then we have 

j (A6) /l)(°) = ^ —f \b <°) = r5 (5 i£ (o) = 0 
OJ — t m Q t a j , f a m Vaaoummo y yma — V > 

' amn.man 

where e is the unit vector of z axis. Since k is in the 
domain A, we have 

(A6) = 2*r{l+A. l n ( 2 / ^ ) + 0 [ i ? 2 ln ( l /29]} , (A7) 

o™=Vt aQmo,moaQ > y am $m ( D = -

for (aw) ^ (ce0w0) , (B3) 

*«o»o(1) = 0 , 

which leads to 

1 r d*k f / 1 1 \ 

2 (2T)* J A K J A+B V l k - k ' P I k + k ' I V 

yma. (D— 
€a0+€a—< 

where (ao,mo) is a specified state into which the system 
goes over in the absence of interaction. The symbol 
(aw)^(ce0mo) means that (a=ao, m—mo) is excluded. 

= i£ 2 §[ ln( l / i£) ] -{ ln( l / i£)+0( l )} • (A8) These values of \l/ik are identical to what are obtained 
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directly from Eq. (3.14). We further have 

«<»= E 
y aon,mop 

(Pn)7*(aomo) ep~ €a Q — € n + €OT0 

Vpao ,mon ' nmo«o/3 

+E-
0 n € a o + 6/3— 6 m o — €n 

( 2 ) = = _ 
1 

- { F a n . m ^ i (1) 

' Pet,mnYnp tw Y'am / j 

for (aw) 3^ (aoW0), 

Vaomo u j 

1 

(B4) 

The first term in the first braces, after performing cyclic 
permutation (a^y)(mnp), is seen just to cancel the third 
term there. The sum of the second terms in the first 
and second braces, after performing cyclic permutation 
(afiy)(mnp) in the latter, gives the minus of the third 
term in the second braces and the same expression as the 
first term there. Thus we see that Eq. (Bl) actually 
holds. 

APPENDIX C 

Some Properties of Spin Matrices 

The total spin S of the system is given by 

S = J d*xp(xM(x), 

4>n (2) = 

6«o+ 
~{ Vm&,ar$n& (1) 

- 7 m n , / j « ^ » ( 1 ) + « ( 1 V « « ( 1 ) } . 

I t is to be noted that from Eqs. (B3) and (B4) we have 

1 v / , ( i ) _ l V V 
2 Z-/ w — 2 L—t v ctm,ma j 

aomo am 

h E (o ( s ,=JE^,„-
aomo am 

(B5) 

The third-order term is given by 

y mn,afi • 

C O ^ ^ = S ( " ^ a o n , m o ^ / 3 n ( 2 ) — F / S a 0 , m o » ^ w / ? ( 2 ) ) , ( B 6 ) ,i(3).= 
j8n 

and we get 

I E «(3) 

a 0 « 0 

' an,m/3 

am (/3n)^(aw») €/3~" € a ~ ~ € n + € m 

, n 7 V ym,pa 

= 1 1 E 
am (/3n)?*( 

x{ ( Z 

+£ 

v &a,mn I r ny,j3p V pm,ay 

(yp)^(am) ey—€a—€p+6w 

V y(3,np y pm,ay V am,maV fim,na 

(CD 

where ^(x) is now the two-component field operator. A 
vector quantity Q, defined by 

Q = / ' j 3 x^x7(x ,x / )^ t (x) (^(x / ) , (C2) 

where f(x,x') is a c-number function, satisfies the com
mutation relation 

h 

e i 2 3 = 1 , 

6ijk= 1, if (ijk) is an even permutation of (123), 

= — 1, if (ijk) is an odd permutation of (123), 

= 0, otherwise. (C3) 

By introducing 
Q±=Qi±Q*, (C4) 

we have 

ce^3]==Fe±, cesA]=o, (cs) 
which means that Q+ and Q_ are the operators to in
crease and decrease the z component of the total spin 
by one, respectively. Since we get 

[e*S*]= - 2(3,+2% Z emQkS3-, (C6) 

the state obtained by operating Qt on a paramagnetic 
state, ^o, has the spin one, representing a triplet state: 

(C7) 

am $n € « + € # — €m— €n ( JP € a + € 7 — € m — € n 

r np,y@ V ym,pa 

+ E 

A scalar quantity Q0 defined by replacing a in Eq. (C2) 
by 1 commutes with Si and Qo^o has spin zero, rep
resenting a singlet state. 

We shall next make use of an important identity 

y am,ma V nm,a(i 

€« €/3 €m €n 

kX<r'l=*EVkxkVx, (C8) 

• (B7) 
which is proved by taking the trace of both sides after 
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multiplying o> This identity leads to 

*£?>*>=•% ^(o-'lo-xl^CcpVxCp'), 
x=o 

(C9) 

by means of which the alternative proof of Eq. (5.7) is 
given. Equation (5.4) is a direct consequence of Eq. 
(C8). Introducing Eq. (C9) into Eq. (3.1), we get 

(plO-lp20-2 | G{t—t') | P3O-3P4C4) 

3 

= —ii Y, (cr2o'3|o-x(1)a-^(2)|oria'4) 
A,M=O 

X (r[cpit©c7xCP2(/)cP4t(/0cr,cP3(//)]). (CIO) 

Because of Eq. (C7), the terms with X^fx vanish on the 
right-hand side if we refer to the paramagnetic ground 
state; this proves Eq. (5.8). 

We shall now prove Eq. (5.20). For n=l, we have 

<P*iP+qer21 [G(0)(") V21 P W + q ^ > 

= 1 E <cr2crB|crx<1>(rxWki<reXp|GqW(«)|p,,> 

X{(am\<Ts<r4)(v"\Vq
8\v') 

+ <cre(T8|a<«.fF(«|crB(r4><p,,|74'|p,» 

= iW*.*4<p|Gq ( 0H«)*Y|p'> 
+i(a2^\a^'^\cr1a4)(p\G(l^^)Vq

i\v/)y (C l l ) 

where use has been made of 

Tr{<rx<rM} = 2<V (C12) 

This proof is sufficient to see that if Eq. (5.20) is valid 
for n, it is for ^ + 1 . Therefore by mathematical induc
tion, Eq. (5.20) holds for any n^\. 
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Fluxoid Conservation by Superconducting Thin Film Rings* 

T. K. H U N T AND J. E . MERCEREAuf 
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(Received 9 March 1964) 

A torque method for measuring the persistent current in superconducting rings has been used to investigate 
the conservation of the fluxoid originally predicted by London. The fluxoid through a superconducting ring is 
composed of two parts, one describing the mechanical angular momentum of the electrons and the other the 
magnetic flux trapped by the ring. The mechanical angular momentum depends on the penetration depth X 
and therefore on the temperature. If the fluxoid is conserved, temperature variations should alter the balance 
between the mechanical and electromagnetic angular momenta. As a consequence, the amount of trapped 
flux, and hence the persistent current, should vary with temperature even though the ring remains at all 
times entirely within the pure superconducting state with zero resistance. Very thin films of tin have shown 
experimentally a decrease in persistent current with increasing temperature and an increase with decreasing 
temperature which agree with that to be expected on the basis of the fluxoid conservation predicted by 
London. 

I. INTRODUCTION 

TH E possibility of inducing persistent circulating 
currents in superconducting rings is one of the 

most intriguing and least understood consequences of 
the vanishing of electrical resistivity in superconductors. 
Such a persistent current loop possesses a magnetic 
moment and holds "trapped" a magnetic flux equal to 
the product of the self-inductance of the ring and the 
persistent current. While the current-carrying state is 
by no means the ground state of the system it is never
theless extraordinarily stable. The earliest investigations 
of persistent currents were in fact directed toward use 
of this stability as a means of establishing an upper limit 
on the possible resistivity of the superconducting state. 
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Much recent interest has centered on investigation of 
the suggestion, first made by London, that the "fluxoid" 
or action integral, taken around the ring, of the canoni
cal momentum of the superconducting electrons should 
be both conserved and quantized. The fluxoid contains 
one term in the mechanical angular momentum of the 
electrons and one in the magnetic flux trapped by the 
ring. In typical experiments performed with super
conducting rings, the mechanical angular-momentum 
term makes only an extremely small perturbation on the 
much larger magnetic flux term. I t may be noted in 
passing that the situation in atoms is just the converse 
with the magnetic flux acting as the small perturbation 
(Zeeman effect). Several investigators1'2 using cylinders 
for which the mechanical angular-momentum term 

1R. Doll and M. Nabauer, Phys. Rev. Letters 7, 51 (1961). 
2 B . S. Deaver and W. M. Fairbank, Phys. Rev. Letters 7, 43 

(1961). 


